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This paper gives details of the equipment and the method of the measurement at 100 GHz. Dielectric con-
stants and losses are measured at this frequency for ten organic molecules in benzene and four (aniline, phenol,
and its derivatives) both in benzene and in dioxane. A majority of the molecules studied are of non-rigid con-
figuration. Discussion is given of the relaxation times and the mechanism of internal rotation involved. Hy-
drogen bonding effects in aniline, phenol, and its derivatives are also discussed.

For many years a number of dielectric measurements cules obtained in dilute solution. Most of the sub-
have been carried out using a variety of frequency stances chosen for the solute are of non-rigid configu-
ranges. However, there are few dielectric data ob- ration; and benzene was employed as solvent and for
tained in the range of very high frequency above 60  some solutes with hydrogen bonding capacity, p-dioxane
GHz, i.., below five millimeters in the wavelength. was also used for comparison.

And this range of frequencies is a field which is still

unexplored and need careful investigations.)’ For Apparatus

example, non-polar liquids such as benzene or carbon
tetrachloride are found to show dielectric absorption
in this frequency range!) in a sharp contrast to the old
belief that all the non-polar liquids should show no
appreciable absorption in any range of frequencies.

According to Poley? polar liquids consisting of rigid
molecules such as chlorobenzene and nitrobenzene
are provided with an additional absorption at the
high frequency end of millimeter band. This novel
absorption became an object of intensive research.%

For a non-rigid molecule having a rotatable polar
group or groups one finds two or more absorption peaks.
The absorption due to internal rotation takes place in
the millimeter range. For these reasons the dielectric
measurements at a frequency of the wavelength less
than 5 millimeters are of considerable interest. N HORN

In the present paper the writers wish to report on
the millimeter wave apparatus for 100 GHz (3 mm),
the method of measurements, the experimental results,
and the dielectric relaxation times of the organic mole-

The experimental technique is based on the free
space method.?) For measuring dielectric constants
and losses at 100 GHz the usual transmission line (wave
guide) method is not much use since its upper limit is
estimated to be about 75 GHz.» The apparatus is
the microwave equivalent of Michelson interferometer
and is of the same type with that of Garg, Kilp, and

* Present address: Naka Works, Hitachi, Ltd., Katsuta,
Ibaraki.

**  Now at School of Science and Engineering, Waseda Uni-
versity, Shinjuku, Tokyo.

1) N. E. Hill, W. E. Vaughan, A. H. Price, and M. Davies,
“Dielectric Properties and Molecular Behaviour,” Van Nostrand
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Reinhold, London (1969), pp. 298—311. Fig. 1. Schematic of 100 GHz apparatus, microwave analog
2) J. Ph. Poley, J. Appl. Sci., B4, 337 (1955), of the Michelson interferometer.
3) G. W. Chantry and H. A. Gebbie, Nature, 208, 378 (1965). .

4) M. Davies, G. W. F. Pardoe, J. Chamberlain, and H. A.
Gebbie, Trans. Faraday Soc., 66, 273 (1970). 5) N. E. Hill ¢t al., Ref. 1. See Chapter 2.
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Smyth.%? The schematic diagram of the apparatus
is shown in Fig. 1.

The klystron (Oki 100 V 10 A) generates millimeter
waves of about 3 mm in wavelength and its frequency
is monitored by a cavity resonator (W 2203). The
microwave energy is divided by a hybrid ring T (W
3701) in equal parts. Half passes through the trans-
mitting horn N out into free space. A dielectric lens
(TRGW 986) is used to produce a well-collimated
beam, which traversed the liquid in the cell, re-
flected by the plunger, retraverses the liquid and finally
is focussed by the lens back into the horn. In the
reference arm the other half of the microwave energy
from the hybrid is reflected by an adjustable plunger.
The interference of the two beams takes place in the
wave guide leading to the detective device and finally
to the recorder (QPD 53).

Calculation of n and &k

The complex index of refraction (n*) of the material
is defined as
n*=n— jk (1)
and the dielectric constant (¢’) and the loss (¢') of the
same material are related to the above quantities ac-
cording to
¢ =n?— k2
e'' = 2nk
The evaluation of n and £ values are essentially the
same as employed by Garg, Kilp, and Smyth.®) The
final equation for obtaining £ is

Imax(1) =Imin(1) _
Imee(@) —Imim(@) P (—2Bok[hy —hs])
[ (L) = (1 —n)exp (—4Bokh) ]
(1+n) — (1—n)exp (—4Bokhs)

(14n)2— (1—n)%exp (—4Bokh,) *
[ (1+n)?— (1 —n)%exp (—4Bokh) ]
(3)
The final electric intensity (I) at the detector has
maxima and minima with the change of liquid thick-
ness (k). The relative maximum ([,,,) and the
adjacent relative minimum ([,,;,) corresponding to a
given liquid thickness 4 are observed; they are denoted
by Imnx(l), Imln(l) for hl and Imax(z) and Imln(2) for
hy, etc.. The phase constant f, is given by f,=2n/
Ao where 4, is the wavelength in air.
Smyth et al.®) used an electronic computer to find
n and £ to fit the experimental curve. In the present
work this formidable task of fitting was successfully
replaced by a simple procedure which is based on a
least-square method. (See Appendix.)

@)

Purification of Materials

The organic compounds studied were all commer-
cially available. Purchased materials of best grade
were fractionally distilled before use. Solvents, ben-

6) S. K. Garg, H. Kilp, and C. P. Smyth, J. Chem. Phys., 43,
2341 (1965).

7) The writers are grateful to Professor C. P. Smyth, Princeton
University, for providing them with an absorption material (Teflon
impregnated with carbon) which was used in the cell cylinder.
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zene and p-dioxane, were carefully purified in the
usual way.

Results

Measurements of ¢ and ¢’ for three to four dilute
solutions for each solute were made and the so-called
“slopes” a’, a’’, etc. were obtained on the assumption
that the linear relationship of ¢’ and &’ with the con-
centration (weight fraction) w, exists.

e =¢&' + a'w,

8”

— . n

=¢&'"" +a'wy,;&" =0 4)
& = €19 + AWy

np? = myp® + apw,

in which subscript 1 refers to the pure solvent and 2
to the solute and the symbols have the usual meaning.

The relaxation time of a polar solute is obtained by
the use of two equations.®) We shall denote them by

7(l) and 7(2) in the following manner.

l a”

T(l) = e

o a—le

: , (5)
1@ = —. 22

w a

There is no reliable method to evaluate dw. The
most common approximation is to assume ae~ to be
equal to a,. This may be equivalent to say that both
atomic polarization term and correction due to Poley’s
absorption? can be neglected.

Grant® suggests the use of the following equation
in evaluating ¢e (viz., g« in this case)

(a')?

" (6)

e (=ag) = a' — t—a
We shall write the value given by Eq. (6) as ag. The
two values for relaxation times, 7(1) and 7(2), become
identical with the use of this gz value—the condition
of aw=agy may be a criterion for the pure Debye system
with a single relaxation time. Contrary to this, 7(1)
and 7(2) should have different vafues for a system
with two Debye dispersions. They differ also for a
system which obeys Cole-Cole’s empirical rule.®) Ex-
perimental values of 4’ and &'’ obtained at about 100
GHz, viz., 96.027 GHz are collected in Table 1. (See
Egs. (4) for the definition of ¢’ and 4”’.) In the same
table a, and a, defined by Eqgs. (4) are given together
with ag which is obtained from a’, ¢, and g, (see Eq.
(6)).

Magee and Walker!® proposed a new method for
evaluating e (hence a«) from the Cole-Cole arc for
systems which really have two Debye dispersions. Their
method was employed when sufficient data were avai-
lable for the plot. When there are no reliable data,
a tentative choice was made with the condition in
mind that ap,<ae<ag.

In Table 2 a collection is given of experimental re-

8) K. Higasi, Y. Koga, and M. Nakamura, This Bulletin, 44,
988 (1971).

9) One of the writers is grateful to Dr. E. H. Grant, London
University, for discussions on the use of Eq. (6). See also N. E.
Hill, Trans. Faraday Soc., 59, 344 (1963).

10) M. D, Magee and S. Walker, J. Chem. Phys., 50, 2580 (1969).
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TasLE 1. SropEs a', a'' oBTAINED AT 100 GHz 1IN BENZENE (20°) AND ay, ap, AND ag
Substance a, a' a' ap ag
Diphenyl ether 1.085 0.383 0.321 0.217 0.236
Dibenzyl ether 1.155 0.343 0.166 0.185 0.309
Benzophenone 5.982 0.608 0.550 0.282 0.551
Dibenzyl ketone 3.947 0.547 0.463 0.193 0.484
Chlorobenzene 2.477 0.263 0.497 0.052 0.151
Benzyl chloride 3.228 0.565 0.618 0.094 0.421
p-Xylene chloride 3.517 0.848 0.858 0.137 0.573
p-Dimethoxy benzene 2.551 0.564 0.481 0.060 0.447
p-Diethoxy benzene 2.130 0.474 0.399 0.018 0.378
Anisole 1.717 0.370 0.326 0.043 0.291
Aniline 2.806 1.141 0.678 0.219 0.865
(in dioxane) 4.407 1.239 0.521 0.514 1.153
Phenol 3.344 0.621 0.413 0.144 0.558
(in dioxane) 4.784 0.738 0.340 0.395 0.709
2,6-Dimethyl phenol 1.930 0.461 0.370 0.081 0.368
(in dioxane) 3.518 0.609 0.311 0.353 0.576
2,6-Di-t-butyl phenol 1.394 0.271 0.326 0.0 0.177
(in dioxane) 1.947 0.526 0.356 0.280 0.437
Tasre 2. ReraxatioN TiMEs 7(1) anp 7(2) [This Experiment] AND 7,, 7;, AND 7, [Literature] IN PSEC
Substance 7(1) 7(2) Literature values
Diphenyl ether 3.2 3.6 T 3.4 4,012 4,11
Dibenzyl ether 1.7 8.1 T, 18125 7, 33 1,5 7, 3.9L
Benzophenone 2.8 16.2 7, 16.419 18.31® 20,419 2218 7, 2719 C; 7, 3.5 C
Dibenzyl ketone 2.2 12.2
Chlorobenzene 3.9 7.4 T, 8.3% 9.6» 8.6'" 8.3'® 10.829 L
Benzyl chloride 2.2 7.1 T 9.919); 7, 14.022 18.72 203V 23,729 ; 7, 1,42
9.323) 9,023) 421)
p-Xylene chloride 2.0 5.2 T, 3.02 5.0'%); 7, 3.020
p-Dimethoxy benzene 1.6 6.8 7o 6.225 6.926) 9,720; ¢, 8.522) 14,728 L; 7, 0.75% 5,62
p-Diethoxy benzene 1.4 6.9
Anisole 1.6 6.9 7, 6.620) 7.61%9; 7, 9.022 202); 7, 0.9%2 3,229 6,5%)
Aniline 1.2 4.1 T, 9.7830 L; ¢, 7.1522 22,228 L; 7, 0.9%® L 0.5%
Aniline (in dioxane) 1.2 10.1 7o 19.4%0
Phenol 1.4 10.9 T 9.3%2 C; 7, 11.4%2; ¢, 1,120
Phenol (in dioxane) 1.6 19.7
2,6-Dimethyl phenol 1.6 6.6 T 5.3%9); 7, 13.73%); ¢, 3.4%% 3,53
2,6-Dimethyl phenol
(in dioxane) 2.0 15.5
2,6-Di-t-butylphenol 2.0 5.7
2,6-Di~¢-butylphenol
(in dioxane) 2.4 6.6
L liquid C  cyclohexane T carbon tetrachloride
11) J. T. Vij and K. K. Srivastava, This Bulletin, 43, 2313 (1970). P. Knobloch, ibid., 20a, 851 (1965).
12) J. E. Anderson and C. P.¥Smyth, J. Chem. Phys., 42, 473 23)  W. P. Purcell, K. Fish, and C. P. Smyth, J. Amer. Chem. Soc.,
(1965). 82, 6299 (1960).
13) J. Schneider, bid., 32, 665 (1960). 24) S. Dasgupta and C. P. Smyth, ibid., 90, 6318 (1968).

14) K. Bergmann, D. M. Roberti, and C. P. Smyth, J. Phys.
Chem., 64, 665 (1960).
15) E. Fischer, Z. Naturforsch., 4a, 707 (1949).
( llg) W. Jackson and J. G. Powles, Trans. Faraday Soc., 42A, 101
46).
17) K. Chitoku and K. Higasi, This Bulletin, 36, 1064 (1963).
18) D. H. Whiffen and H. W. Thompson, Trans. Faraday Soc.,
42A, 149 (1949); D. H. Whiffen, ibid., 46, 130 (1950).
19) D. Farmer and S. Walker, Tetrahedron, 22, 111 (1966).
20) 8. K. Garg and C. P. Smyth, J. Chem. Phys., 42, 1397 (1965).
21) E. M. Turner, W. W. Ehrhardt, G. Leone, and W. E. Vau-
ghan, J. Phys. Chem., 74, 3543 (1970).
22) G.Klages and P. Knobloch, Z. Naturforsch.,20a, 580 (1965);

25) E. Forest and C. P. Smyth, ibid., 86, 3474 (1964).

26) E. Fischer, Z. Naturforsch., 9a, 909 (1954).

27) D. M. Roberti and C. P. Smyth, J. Amer. Chem. Soc., 82,
2106 (1960).

28) S. K. Garg and C. P. Smyth, J. Chem. Phys., 46, 373 (1967).
29) C. P. Smyth, “Molecular Relaxation Processes,” Chem.
Soc. Special Publ. No. 20, Chemical Society, London (1966), p. 6.
30) E. Fischer, Z. Physik, 127, 49 (1949).

31) K. Chitoku and K. Higasi, This Bulletin, 39, 2160 (1966).
32) E. Fischer and R. Fessler, Z. Naturforsch., 8a, 177 (1953).
(393%3) F. K. Fong and C. P. Smyth, J. Amer. Chem. Soc., 85, 1565
1 .

34) A. Aihara and M. Davies, J. Colloid Sci., 11, 671 (1965).
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laxation times in the units of psec (10-12sec). Sol-
vent is benzene if not stated; and temperature is 20°C
for the present work and 15°—25° for the literature
values. (1) and 7(2) are calculated by the use of
a', a’, ay, and a, values recorded in Table 1. Since
ap is used instead of g throughout, 7(1l) calculated
from Eq. (5) is too low in general. Regarding the
literature values 7, denotes the average relaxation
time, 7, the relaxation time for overall rotation and
7, the relaxation time for internal rotation.

Discussion

Table 2 shows that diphenyl ether has two close
values for the relaxation time 7(1)=3.2 psec and 7(2)=
3.6 psec and according to Table 1 g4 is found to be
near a;. In contrast to this benzophenone has z(1)=
2.8 psec and 7(2)=16.2 psec and gz is much larger
than ;. If an intermediate value 0.51 between ay
and a4 is taken for a., 7(1) will become larger, viz.,
9.5 psec. Assuming that diphenyl ether and benzo-
phenone have the same relaxation mechanism as-
sociated with 7;=19.9 psec and 7,=3.31 psec one will
find the weight factor for internal rotation to be very
big, viz., C;=0.92, in diphenyl ether, while the same
factor is very small in benzophenone, viz., C,=0.06
for ©(1)=9.5 psec and ©(2)=16.2 psec.—The method
of the analysis is given in the preceding paper.?)
These findings are in good agreement with the ex-
perimental results in the liquid state?® and with the
internal rotation mechanism based on the mesomeric
effects.3®)

Two opposite views are available in connection with
the dielectric anomaly of diphenyl ether.?” One is
based on the belief that the molecular moment of
diphenyl ether lies in the direction of the line dividing
the C-O-C angle of the molecule in two equal parts.
This makes overall rotation, rotation of the whole
molecules, to be the only cause of dielectric absorption.
This is because rotation of two rings will not produce
any change in the direction of the molecular moment.
The other view?® is based on the assumption that
there might be a dipole component perpendicular to
the line dividing the C-O-C angle equally and if so,
this component (due to mesomerism) would be ap-
preciable in diphenyl ether and very small in benzo-
phenone. The advantage of the second view is that
rotation of two rings alone can produce a change in
the orientation of the molecular moment.

According to the former view one has to assume a
special kind of overall rotation coupled with rotation
of two rings®® which would not occur so frequently.
The weakness of the second mechanism is the lack of
direct evidence for it3¥—although there is no reliable
evidence against it'%4%41) either.

35) W. E. Vaughan and C. P. Smyth, J. Phys. Chem., 45, 98
(1961); W. E. Vaughan, W. S. Lovell, and C. P. Smyth, J. Chem.
Phys., 36, 535 (1962).

36) K. Higasi, This Bulletin, 35, 632 (1962); K. Higasi and C. P.
Smyth, J. Amer. Chem. Soc., 82, 4759 (1960).

37) K. Higasi, “Dipole, Molecule and Chemistry,” Hokkaido
Univ., Sapporo (1965). Chapter II, pp. 19—36.

38) F. K. Fong, J. Chem. Phys., 40, 132 (1964).

39) K. Chitoku and K. Higasi, Bull. Res. Inst. Appl. Elec. (Hok-

kaido Univ.), 19, 32 (1967).
40) K. Higasi, Kagaku to Kogyo, 15, 118 (1962).
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Introduction of two CH, groups between O or C=0O
and two aromatic rings in the molecule of diphenyl
ether or benzophenone will reduce the mesomeric
effect and at the same time it will give a greater flexi-
bility to the molecule.?? It is interesting to find in
this connection that 7(2) in Table 2 increases with the
order: diphenyl ether, dibenzyl ether, dibenzyl ketone,
and benzophenone.

Relaxation times for chlorobenzene (Table 2) are
7(1)=3.9 psec and 7(2) =7.4 psec, these being obtained
on the assumption de=a,=0.05. Contrary to this,
or better ae is estimated from the Cole-Cole plot, —we
shall call it ays; Garg, Kilp, and Smyth® provided
acc=0.15 which happens to be equal to a5 (Table 1).
If this ags is used as aw, 7(1)=7(2)=7.4 psec and
Poley’s absorption? will not exist or will be too weak
to be detected at 100 GHz.

If a little smaller value a==0.11 is tentatively chosen,
one would reach a conclusion that such an absorption
does exist at the shorter end of millimeter band. For
example, a weak absorption with 7,=0.5 psec, C,=
0.1 with the molecular rotation 7;=8.5 psec will be
expected® on the assumption of two Debye processes.
One of us (Takahashi)*®) confirmed Poley’s absorption
at about 2000 GHz (60 cm~1) by a far infra-red spectro-
meter (FIS-3).

Dielectric relaxation of benzyl chloride has been
analysed by Knobloch?? and Purcell ¢t al.2®); the former
gives 7,=14.0 psec, 7,=1.4 psec, C,=0.30 while the
latter gives two sets of 7,=18.7, v,=2.9, and ©,=23.7,
7,=2.3 (all in psec). The present data lead to 7,=
12.4 psec, 7,=2.48 psec and (,=0.24%) with the use
of ag;=0.31.28) It appears fairly certain that there
exist two dispersion regions in this molecule.

It is not clear, however, whether p-xylene chloride
has such two relaxation processes or not. If ge=g,=
0.573 is true, 7(2)=5.2 psec will be the intramolecular
relaxation time. On the other hand if the group
rotation has a shorter relaxation time 1—2 psec,??
we shall have to assume some contribution from overall
rotation. An analysis®) of the present data gives 7;=
11.6 psec, 7,=1.65 psec, C,=0.25 with a==0.25; or
7,=11.6 psec, 7,=3.31 psec, C,=0.55 with a«==0.48.

It is possible that both p-dimethoxy benzene and
p-diethoxy benzene have two distinct relaxation pro-
cesses, viz., due to overall rotation as well as to internal
rotation.*y) This is because if two methoxy or two
ethoxy groups have freedom of rotation around the
C—O axes, the components of the two mesomeric
moments along the direction of the molecular axis
would not cancel each other.

Now, consider the mesomeric moment arising from
the upper OCHj group (see Fig. 2). The mesomeric
moment depends upon the angle of rotation, ¢;, mea-
sured from the plane of the benzene ring.%%

41) D. B. Farmer and S. Walker, Trans. Faraday Soc., 63, 966
(1967).

42) A. Aihara, Private Communication.

43) H. Takahashi, to be published.

44) K. Higasi, “Dielectric Relaxation and Molecular Struc-
ture,” Hokkaido Univ., Sapporo (1961), p. 34.

45) K. Higasi, H. Baba, and A. Rembaum, “Quantum Organic.
Chemistry,” Interscience, New York (1965), p. 157.
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Fig. 2. Internal rotation in p-dimethoxybenzene and two
angles of rotation, ¢, and ¢,.

ﬂm(upper) = Hmax cos? P1
Similarly for the lower OCH; group
Um(lower) = pmax cos? @,

where ¢, is the angle of rotation of the lower group.
The component along the molecular axis is

U (Upper) — tm(lower) = fimax(cos® @; —cos? @)

The average <cos? ¢;—cos? ¢,> is 1/4 for free ro-
tation and is not equal to zero in general. Contri-
butions from overall rotation would be appreciable
unless the maximum mesomeric moment g ,. of a
methoxy group attached to a benzene ring is very
small.44)

The present data of 7(1) and 7(2) seem to support
the above view, since the weight factor for molecular
rotation 1—C, is found to be quite large in several
analyses®) of the data. For example, for p-dimethoxy
benzene v;=11.55 psec, 7,=1.65 psec, C,=0.20 with
a2=0.30 and for p-diethoxybenzene 7;=11.55 psec,
7,=1.65 psec, C,=0.20 with @==0.25. These data
can well be compared with the result of Klages and
Knobloch’s??) analysis on p-dimethoxybenzene, or
with Klages and Zenteks®® C,=0.17, 7,=38.8 psec,
7,=(0.4) psec. More recently Vaughan et al.*") give
C,=0.13 with 7,=6.2 psec and 7,=0.9 psec for liquid.
However, there is uncertainty regarding the choice of
@w. Anisole is in accord with 7,=9.90 psec, 7,=1.65
psec, C,=0.16 with a==0.21. Again, it would be
most desirable to have a reliable a= value in order to
find how important is the contribution of overall ro-
tation.

Last group of four molecules are studied by the
use of two solvents, benzene and dioxane, with a view
to examining the hydrogen bonding effects of the solute
with the solvent. According to the previous method
of analysis®) of two mean relaxation times 7(l) and
7(2) obtained at this high frequency one can make a
very crude estimate of 7, and 7,. The relaxation time
7, for overall rotation is closer 7(2) than to 7(l) and
the relaxation time for internal rotation 7, is near to
the observed (1) value. Recorded t(1) values of
these molecules are about 1—3 psec which is in good
agreement with 7, for the OH and also for the NH,

46) G. Klages and A. Zentek, Z. Naturforsch., 16a, 1016 (1961).
47) W. E. Vaughan, S. B. W. Roeder, and T. Provder, J. Chem.
Phys., 39, 701 (1963).

48) P. Knobloch, Ber. Bunsenges. Phys. Chem., 69, 296 (1965).

[Vol. 44, No. 4

groups given by Knobloch.®®) In contrast to z(l),
7(2) varies greatly with solutes and solvents and has
values 4—20 psec. The ratio of 7(2) obtained in
dioxane to that in benzene, 7p/tg, is 2.48 (aniline),
1.81 (phenol), 2.36 (2,6-dimethyl phenol) and 1.16
(2,6-di-t-butyl phenol). The ratio of viscosities of
two solvents is 1.2836 : 0.6466=1.99 : 1, while 7p/tg
for chlorobenzene and nitrobenzene are 1.57 and 1.51
respectively. The observed high increase of 7 values
from benzene to dioxane in aniline, phenol, and 2,6-
dimethyl phenol is an indication that an oxygen atom
of dioxane forms a hydrogen bond with amino-hydrogen
atoms in aniline or with the hydrogen atom in phenol
or of its derivative.3) However, on account of the
steric hindrance of the bulky substituents the OH group
in 2,6-di-t-butyl phenol is not able to form a hydrogen
bond with the solvent molecule. It is impressive to
find small 7(2) values for this molecule both in ben-
zene and dioxane. The group rotation seems to predo-
minate in this molecule, as is the case of 2,4,6-tri-t-
butyl phenol in decalin.® Further, the solute mole-
cules tend to associate through hydrogen bonds. This
association seems to take place in case of phenol in
benzene.’® Without such an effect the ratio 7p/7g
of phenol would possibly be much larger than the ob-

served.

Appendix

1. Calculation of n.
index n is expressed as

(ﬁ)z +<£o,>2
Ag Ae
Ao )2
1 ==
+(a
where A, 14, and A, are the wavelength in air, the wavelength
in the sample and the cut-off wavelength, respectively.
2. Calculation of k. The imaginary part of the re-
fractive index £ is calculated according to Eq. (3) by a least

square method. Eq. (3) can be replaced in the following
integrated form (A-2) using the relation:

1

The real part of the refractive

(A-1)

by = ?m/'ld
and
Bo = 272,
where m=1, 2, ..., &
Yo = —Apk — By (k) + C (A-2)
where

Ym = ]n[Imux(m) - Imln(m)]
27[},‘1
- m

Ao
[(1+n)2— (1 _n)zexp(_wT,Thpz)]z
[(1+")—(1—n)exP<_4A£kﬂ>]

C is an integration constant.

Ay =

Bn(k) = In

49) M. Davies and R. J. Meakins, J. Chem. Phys., 26, 1584 (1957).
50) K. Higasi, This Bulletin, 25, 159 (1952).
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The observed values of ¥, are expressed in a matrix form.
Y~° = (Ylo’ YZO: ) Yto)

The unknown parameters in Eq. (A-2) are ¥ and C. There-

fore it is desired to obtain the values of £ and C which give

the calculated values of §=(Y1, Y,, -+, Y;) closest to Ye.
This may be done by the following procedure. Let &I

and C? be the first guessed values of £ and C and f‘:(YII,

Y5, .., Y1) be the calculated values of Y using 4! and CL
To get the corrections 4k and AC!' from the difference
AY=Y°—-YIL let us assume the corrected values to be kI
and C™ and the calculated values to be YI=(Y,I Y,IL
.., Y11}, The purpose of the least square method is to
minimize the value of § which is expressed as:

S = (Y°—-YI)W(Y° —-YU)
where W is a diagonal matrix whose element w; is the weight
factor of Y;°.
An assumption is made that the variation of Y is linearly
proportional to 4k and 4C when they are very small. That is:
YII — YI = JI4K!

where J! is a Jacobian matrix expressed as:

RO
okt oGt
oY Yy

J=| o ocr

Py AN A
okl oC! |
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and
AkY
I _
AKI = ( 4 CI>
then

S = (AY1— AKIJHYW(4YI— JIAKI) (A-3)
In order to mimimize S, the differenciation of § by AKI

must be zero. One obtains the following simultaneous
linear equation

JIWJIAK = JIWAY! (A-4)

This equation may be solved if !j’ W J1|==0 which is usually

satisfied. Using the above calculated values of Af{‘=(Ak1.
ACY) the most appropriate second guessed values A and
C1 are obtained.

KT = KL 4 Ak
C! = C' + 4C*

The final values of £ and C which give the best fit between
observed and calculated values of Y can be obtained by re-
peating this process until . cannot be reduced any further.
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